We study group models for fusion systems and construct homology decompositions for the models of Robinson and Leary-Stancu type.
Preliminaries
We review the basic definitions of fusion systems and centric linking systems and establish our notations. Our main references are [5] , [6] and [10] . Let S be a finite p-group. A fusion system F on S is a category whose objects are all the subgroups of S, and which satisfies the following two properties for all P, Q ≤ S: The set Hom F (P, Q) contains injective group homomorphisms and, amongst them, all morphisms induced by conjugation of elements in S and each element is the composite of an isomorphism in F followed by an inclusion. Two subgroups P, Q ≤ S will be called F −conjugate if they are isomorphic in F . Define the group Out F (P ) = Aut F (P )/Inn(P ), for all P ≤ S, where Inn(P ) is the group of inner automorphisms of P . A subgroup P ≤ S is fully centralized resp. fully normalized in F if |C S (P )| ≥ |C S (P ′ )| resp. |N S (P )| ≥ |N S (P ′ )| for each subgroup P ′ ≤ S which is F -conjugate to P . Every finite group gives rise to a canonical fusion system (see e.g. [5] ). The fusion system F is called saturated if, for each subgroup P ≤ S which is fully normalized in F , P is fully centralized in F and Aut S (P ) ∈ Syl p (Aut F (P )), and, moreover, if P ≤ S and φ ∈ Hom F (P, S) are such that φ(P ) is fully centralized, then there is a lift φ ∈ Hom F (N φ , S) such that φ| P = φ, where N φ = {g ∈ N S (P )|φc g φ −1 ∈ Aut S (φ(P ))}. A subgroup P ≤ S will be called F −centric if C S (P ′ ) ≤ P ′ for all P ′ which are F −conjugate to P . A subgroup P ≤ S is called F -radical if O p (Aut F (P )) = Aut P (P ), where O p (−) denotes the maximal normal p-subgroup, and a subgroup P ≤ S is called F -essential if P is F -centric and Aut F (P )/Aut P (P ) has a strongly p-embedded subgroup. Denote by F c the full subcategory of F with objects the F −centric subgroups of S.
The centric linking system associated to the saturated fusion system F is the category L whose objects are the F -centric subgroups of S, together with a functor π : L −→ F c , and a "distinguished" monomorphism δ P : P → Aut L (P ) for each of the F -centric subgroups P ≤ S such that the following conditions are satisfied. The functor π is the identity on objects and surjective on morphisms. For each pair of objects P, Q ∈ L the group Z(P ) acts freely on M or L (P, Q) by precomposition (upon identifying the group Z(P ) with δ P (Z(P )) ≤ Aut L (P )), and the functor π induces a bijection of sets M or L (P, Q)/Z(P ) ≃ −→ Hom F (P, Q). We have that for each of the F -centric subgroups P ≤ S and each x ∈ P , π(δ P (x)) = c x ∈ Aut F (P ). For every morphism f ∈ M or L (P, Q) and every element
Let F and F ′ be fusion systems on finite p-groups S and S ′ , respectively. A morphism of fusion systems from F to F ′ is a pair (α, Φ) consisting of a group homomophism α : S → S ′ , and a covariant functor Φ : F → F ′ with the following properties: for any subgroup Q of S, we have α(Q) = Φ(Q) and for any morphism φ :
Let G be a (possibly infinite) group. A finite subgroup S of G will be called a Sylow p−subgroup of G if S is a p−subgroup of G and all p−subgroups of G are conjugate to a subgroup of S. A group G is called p−perfect if H 1 (BG; Z p ) = 0. Equivalently a group is p−perfect if it has no normal subgroup of index p. With this definition it is easy to see that a group generated by p−perfect subgroups is itself p−perfect. In particular, a group generated by p ′ −elements is p−perfect. Let G 1 , and G 2 be groups with Sylow p−subgroups S 1 , and S 2 respectively, and let φ : G 1 → G 2 be a group homomorphism such that φ(S 1 ) ≤ S 2 . The morphism φ will be called fusion preserving if φ| S1 induces an isomorphism of fusion systems F S1 (G 1 ) ∼ = F S2 (G 2 ). Let S be a finite p−group, and let P 1 , ..., P r , Q 1 , ..., Q r be subgroups of S. Let φ 1 , ..., φ r be injective group homomorphisms φ i : P i → Q i for all i = 1, · · · , r. The fusion system generated by φ 1 , ..., φ r is the minimal fusion system F over S containing φ 1 , ..., φ r .
Fix any pair S ≤ G, where G is a (possibly infinite) group and S is a finite p−subgroup. Define F S (G) to be the category whose objects are the subgroups of S, and where the set of morphisms between two subgroups P and Q ful-
where c g denotes the homomorphism conjugation by g (x → gxg −1 ). Note that
S (G) be the category whose objects are the F S (G)−centric subgroups of S, and where
be the functor which is the inclusion on objects and sends the class of g ∈ N G (P, Q) to conjugation by g.
S (G) (P ) be the monomorphism induced by the inclusion P ≤ N G (P ).
A triple (S, F , L) where S is a finite p−group, F is a saturated fusion system on S, and L is an associated centric linking system to F , is called a p−local finite group. Its classifying space is |L| ∧ p where (−) ∧ p denotes the p−completion functor in the sense of Bousfield and Kan, see [2] . This is partly motivated by the fact that every finite group G gives canonically rise to a p−local [5] . In particular, all fusion systems coming from finite groups are saturated.
Let F be a fusion system on the the finite p−group S. The fusion system F is called an Alperin fusion system if there are subgroups P 1 = S, P 2 , · · · , P r of S and finite groups
Recall that every saturated fusion system is Alperin, as proven in [3, Section 4] .
One can also define fusion systems and centric linking systems in a topological setting (see e. g. [6, Definition 1.6]). We will need this when we make use of the fact that a group realizes a given fusion system if and only if its classifying space has a certain homotopy type. In particular we have for a p−local finite group (S, F , L) and a group G such that F S (G) = F that there is a map from the one-skeleton of the nerve of L to the classifying space : |L| (1) → BG. Given a saturated fusion system F on a finite p−group S it is not always true that there exists a finite group G, having S as a Sylow p−subgroup, such that F S = F S (G), (see [5] , chapter 9 for example). However for every fusion system F there exists an infinite group G such that F S (G) = F . We now describe the constructions by G. Robinson [15] , and I. Leary and R. Stancu [9] .
Robinson's construction is specific to Alperin fusion systems. It is an iterated amalgam of the groups L i over the subgroups N S (P i ), where the groups L i and P i , i = 1, · · · , r are appearing in the definition of an Alperin fusion system. Theorem 2.1 ([15], Theorem 2.). Let F be an Alperin fusion sytem on a finite p−group S and associated groups L 1 , ..., L n as in the definiton. Then there exists a finitely generated group G which has S as a Sylow p−subgroup such that the fusion system F is realized by G. The group G is given explicitely by
L n with L i , P i as in the definiton.
Corresponding to the various versions of Alperin's fusion theorem on a saturated fusion system F (reduction to automorphisms of F -essential subgroups, of F -centric subgroups respecetively, of F -centric F -radical subgroups) there are several choices for the groups generating F as an Alperin fusion system. The infinite groups realizing arbitrary fusion systems constructed by I. Leary and R. Stancu are iterated HNN-constructions.
Theorem 2.2 ([9], Theorem 2.). Suppose that F is the fusion system on S generated by Φ = {φ 1 , · · · , φ r }. Let T be a free group with free generators t 1 , . . . , t r , and define G as the quotient of the free product S * T by the relations t −1 i ut i = φ i (u) for all i and for all u ∈ P i . Then S embeds as a p−Sylow subgroup of G and F S (G) = F .
Group Models for Fusion Systems
In this section we give a new construction of a group realizing a given fusion system. With it we give a construction of a group which realizes an arbitrary collection of fusion systems at different primes and study several examples.
A functor to GROUP
Let p be a prime. Define the category F U SION (p). The objects of this category are fusion systems over finite p−groups and on morphisms we have morphisms between the respective fusion systems. Let GROU P Sylp be the full subcategory of the category of groups where the objects are groups which have a Sylow p−subgroups. Define the functor F : F U SION (p) → GROU P Sylp , as constructed in [9, Corollary 4] . Let F be an object of F U SION (p), i. e. a fusion system over a finite p−group S. Then the functor F takes F to the group We give a new remark about the canonical functor in fusion theory. Proof: Assume it had one. Then the functor which associates to a given group with a Sylow p−subgroup its canonical fusion system will be a right adjoint and therefore preserve pullback diagrams. Recall that there are two nonisomorphic fusion systems over the cyclic group of order 3 C 3 : the trivial one and F C3 (Σ 3 ). The fusion system of the pullback
Let F be a fusion system over a finite p−group S. There is a group model G such that F S (G) = F which comes with the property that for every group G such that F S (G) = F there exists G of this type such that G surjects on G in a fusion preserving way. This result is [9, Corollary 3].
Graphs of Groups
We construct a group realizing an arbitrary collection of fusion systems at different primes. To begin, a short resume from graphs of groups we need.
. A graph Γ of groups is a connected graph Γ together with groups G v , G e for each vertex and edge and injective group homomorphims f e,ι : G e → G ι(e) and f e,τ (e) : G e → G τ (e) for each edge e. If a graph is seen as a category, then a graph of groups can be seen as a functor from that category to the category of groups with injective homomorphisms. The following theorem is of particular interest since the exoticity of the Solomon fusion systems [17] was shown (in today's language), via the noncompatibility of fusion systems at different primes in a finite group. Theorem 3.3. Let p 1 , · · · p m be a collection of different primes, S 1 , · · · , S m be a collection of p i −groups respectively and F Si a collection of fusion systems over S i respectively. Then there exists a group G such that S i ∈ Syl pi (G) and F Si (G) = F Si for all i.
Proof: Let G i be models of Leary-Stancu-type for the F Si for all i respectively.
since all finite subgroups of G i are conjugate to S i for all i and therefore all finite p i −groups are conjugate to a subgroup of S i for all i. Obviously F Si ⊆ F Si (G). Since all elements of G j , i = j, commute with G i we obtain F Si = F Si (G) for all i. More generally we have the following. Let G be a group having a Sylow p−subgroup S and H be a group that does not contain any p−element. Then S is a Sylow p−subgroup of G × H and F S (G) = F S (G × H). The same result is true if we replace G × H by G * H. This last statement is a consequence of [9, Theorem 5].
Remark 3.4. Instead of taking the direct product of the G i it is also possible to take the free product G of the G i . We have S i ∈ Syl pi (G) and F Si ⊆ F Si (G) for all i as before. Since the only element of S i that is conjugate into S i by G j , i = j, is the trivial. Therefore we obtain again F Si = F Si (G) for all i. Note that direct product and amalgamated product of respective Robinson models will do as well as long as the orders of L 1 , ..., L n of each factor are coprime to all the remaining primes p i .
The following remark is a particular case of [9, Theorem 5] .
Remark 3.5. Let F be a fusion system over the finite p−group S. Let G, G
Group Models and Homology Decompositions
In [7] Cartan and Eilenberg show that the F p −cohomology ring of a finite group is given as the subring of stable elements of the cohomology ring of the Sylow p−subgoup. 
Since we have F = F S (G) we obtain that for all subgroups P, Q ≤ S and all morphisms φ ∈ M or F (P, Q) that φ = c g for some g ∈ G. Therefore the outer triangle commutes H * (BP ) 
Homology Decomposition for Robinson's Models
We investigate the cohomology of Robinson's models for a saturated fusion system F over a finite p-group S. Let P 1 , ..., P n be F −centric subgroups, fully normalized in F such that P 1 = S and F is generated by Aut
be as in the definition of Alperin fusion systems. We recall that such L i 's exist and are unique (see e.g. [3, Section 4]), and moreover L i = Aut L (P i ). In the following G will always be a model for 
where W ∼ = Ker(Res G S ). Proof: Let C be the following category.
and the graph of groups we use here is homotopy equivalent to the star-shaped graph of groups constructed in the proof of [9, Theorem 5] . Since L i = Aut L (P i ) for all i = 1, ..., n we have a functor BL i → L which sends the unique object • to P i and a morphism x to the corresponding morphism in Aut L (P i ) for all i = 1, ..., n. Therefore we obtain a map BL i to |L| for all i = 1, ..., n. Note that all the diagrams
commute up to homotopy since the existence of the linking system guarantees that we can find a compatible system of lifts of the inclusion ι NS (Pi),S in L for all i = 1, ..., n such that all the diagrams
commute up to the natural transformation which takes the object • ∈ Obj(BN S (P i )) to ι NS (Pi),S for i = 1, ...n. We obtain a map from the 1-skeleton of the homotopy colimit of the functor F over the category C to |L|. Since C is a 1−dimensional category we obtain a map from BG to |L|. This map will be denoted by r inducing H * (|L|) Proof: The group G is a finite amalgam of finite groups. Note that each L i is generated by N S (P i ) and elements of p ′ −order. Therefore G is generated by elements of p ′ −order and S. Let K be the subgroup of G generated by all elements of p ′ −order. Note that K ⊳ G and S surjects on G/K and therefore G/K is a finite p−group. The group K is p−perfect since it is generated by p ′ −elements and therefore we have H 1 (BK; F p ) = 0. Let X be the cover of BG with fundamental group K. Then, using [ for placement reasons, see [8] for a reference for the Bousfield-Kan spectral sequence of a homotopy colimit. Therefore H * (BG) is a finitely generated module over H * (|L|) and in particular noetherian.
A space A is a stable retract of a space X if there exists a map f : A → X such that the induced map on suspension spectra Σ ∞ f : Σ ∞ A → Σ ∞ X is a retract. 
